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We report the discovery of a correlated insulator with a bulk gap at two-thirds filling in a geo-
metrically frustrated Hubbard model that describes the low-energy physics of Mo3S7(dmit)3. This
is very different from the Mott insulator expected at half-filling. We show that the insulating phase,
which persists even for very weak electron-electron interactions (U), is adiabatically connected to
the Haldane phase and is consistent with experiments on Mo3S7(dmit)3.
Many materials display insulating behaviors which
cannot be understood from the conventional band theory
of solids. In contrast to band insulators, correlated insu-
lators often have partially filled bands. Prominent exam-
ples are Mott insulators: half-filled systems in which the
onsite Coulomb repulsion [1] between electrons, U , opens
a gap and interesting magnetic properties arise. Mott
physics is key to understanding strongly correlated sys-
tems such as the high-Tc cuprate superconductors [2, 3]
and organic superconductors [4]. Other examples of cor-
related insulators are covalent [5] and charge transfer in-
sulators [6, 7]. Identifying new correlated insulating ma-
terials and characterizing their electronic properties is a
fundamental challenge in condensed matter physics and
promises future applications.
Relatively little is known, experimentally, about
Mo3S7(dmit)3. It has a charge gap, but neither a spin
gap nor long range magnetic order is observed down to
2.1 K [8]. Density functional calculations predict that
Mo3S7(dmit)3 is a quasi-one–dimensional metal in the
absence of magnetic order and a charge gap is only found
when long range magnetic order is (counterfactually) as-
sumed [8, 9]. On the basis of these calculations and the
crystal structure of Mo3S7(dmit)3, Llusar et al. [8] ar-
gued that the low energy physics is described by a clas-
sical spin model on the ‘triangular necklace lattice’ (Fig.
1), and showed that this model reproduces the observed
temperature dependence of the magnetic susceptibility.
However, neither this model nor density functional the-
ory are able to explain why the insulating state arises
in the absence of long-range magnetic order, as is found
experimentally.
In this Letter we analyze the simplest model of inter-
acting itinerant fermions for Mo3S7(dmit)3, viz. the Hub-
bard model, on the triangular necklace lattice (Fig. 1)
at the (two-thirds) filling [i.e., n = 4 electrons per trian-
gular molecule on average]. We find a significant charge
gap, but a spin gap too small to have been observed in the
experiments on Mo3S7(dmit)3 to date. Although there
is no explicit Hund’s rule coupling in the model Hamil-
tonian (Eq. (1)) we find that, in the strong coupling
limit, large molecular moments arise from a complex in-
terplay between kinetic and interaction effects. We show
that the insulating state is adiabatically connected to the
ground state of the spin-one Heisenberg model: the Hal-
dane phase [10, 11].
The Haldane phase is a key example of a symmetry
protected topological (SPT) phase [12, 13]. In spin-1
chains the Haldane phase is protected by any of three
symmetries: inversion, time reversal and dihedral sym-
metry, D2 ∼= Z2×Z2, which is equivalent to spin rotation
by pi about any pair of perpendicular axes [14]. That is,
provided at least one of these symmetries is not explicitly
broken a phase transition separates the Haldane phase
from the trivial state.
Previously, Anfuso and Rosch [15] have studied a fam-
ily of fermionic Hamiltonians that extrapolate smoothly
between the band insulator, the Haldane chain and the
antiferromagnetic spin-1/2 ladder. This suggested that
the Haldane phase may not be topologically distinct in
fermionic systems. Pollmann et al. [14] pointed out that
these models explicitly break inversion symmetry and ar-
gued that inversion symmetry could protect the topolog-
ical order even in fermionic systems, but did not pro-
vide an explicit example. Interestingly, we find that in
the model considered here the topologically non-trivial
Haldane phase survives even in the presence of signif-
icant charge fluctuations, which suppress the magnetic
moment to be significantly less than one.
The Hamiltonian for the Hubbard model on the trian-
gular necklace lattice is
Hˆ = U
∑
iα
cˆ†iα↑cˆiα↑cˆ
†
iα↓cˆiα↓ − tc
∑
i,α6=β,σ
cˆ†iασ cˆiβσ
−t
∑
iσ
(
cˆ†i1σ cˆ(i+1)1σ +H.c.
)
, (1)
where cˆ
(†)
iασ annihilates (creates) an electron with spin σ
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FIG. 1: (color online) (a) The Mo3S7(dmit)3 molecule and its
schematic representation in the Hubbard model. (b) The tri-
angular necklace model of Mo3S7(dmit)3. (c) Sketches of the
molecular orbitals, cˆiA+σ = (cˆi1σ + cˆi2σ + cˆi3σ)/
√
3, cˆiE−σ =
(cˆi2σ− cˆi3σ)/
√
2, and cˆiE+σ = (2cˆi1σ− cˆi2σ− cˆi3σ)/
√
6, which
are the eigenbasis when t = U = 0. Different colours imply
different signs. The labels A and E refer to the C3 symmetry
of the individual molecules and the ‘local parity’ label (±) de-
scribes the change in phase of the orbital on relabelling sites 2
and 3 on any single molecule, which is equivalent to reflection
through the red dotted lines in panels (b) and (c).
on the αth site of the ith molecule. For the tc > 0 and
n = 4, the case relevant to Mo3S7(dmit)3, the system is
a topologically trivial metal when U = 0.
The triangular necklace model is reminiscent of the
three leg tube. The half-filled Hubbard model on this lat-
tice has been studied at half-filling in the strong-coupling
(large U) limit [16]. This model was found to display
a gapped phase that can be suppressed by varying the
‘rung’ hopping strengths around the triangles can drive
the system between different phases. However, we are not
aware of any studies of this model that considered differ-
ent hopping integrals on different legs, which is the limit
required to reach the triangular necklace model, or that
considered 2/3-filling – appropriate to Mo3S7(dmit)3.
We apply the density matrix renormalization group
(DMRG) using the matrix product state (MPS) ansatz
with SU(2) symmetry [17], keeping up to 2000 states in
each DMRG sweep, which is equivalent to ∼ 9000 states
if only U(1) symmetry is utilized. Except where other-
wise stated, the results presented below are for a lattice
size L = 40 (where L is the number of molecules, i.e.,
there are 3L sites), with t/tc = 0.25. Where more appro-
priate we have applied infinite DMRG. Other values of
t/tc give qualitatively similar results and will not be dis-
cussed at length for clarity. Whenever required we have
implemented finite size and/or finite basis set scaling.
We find an insulating ground state for U > 0, as is
evident from the large charge gap, ∆c, shown in Fig. 2a.
This is surprising at two-thirds filling (n = 4) and is
clearly not the usual Mott insulator expected at half-
filling (n = 3). As we have an average of four elec-
trons per triangular molecule in the strong coupling limit
(U →∞) one’s na¨ıve expectation is for a strongly corre-
lated metal, with one electron per site and the remain-
ing one-third of an electron per site free to move along
the chain. Contrary to this expectation, ∆c continues to
grow as U is increased, demonstrating that the large U
insulating state is highly non-trivial. For very small U ,
the charge gap becomes small and the finite size scaling is
non-trivial. Nevertheless, the charge gap certainly opens
at small U and our numerical results do not rule out a
charge gap for any non-zero U .
We also find a spin gap (Fig. 2b), which is orders
of magnitude smaller than the charge gap. For periodic
boundary conditions the ground state is unique. How-
ever, for open boundary conditions a triplet state is de-
generate with the singlet ground state; these two states
are separated from the remaining excitations by the spin
gap. This is precisely the topologically dependent spec-
tra that results from the (D2 ∼= Z2×Z2) symmetry of the
Haldane phase [18] due to spin-1/2 edge states. Although
there is no long range magnetic order, we find a finite ex-
pectation value for the string order correlation function
(Fig. 3a) in the thermodynamic limit. We stress that
none of these phenomena are found in the Mott insulat-
ing phase of the half-filled linear Hubbard chain, where
the spin degrees of freedom form a Luttinger liquid.
In the remainder of this paper we give a simple expla-
nation of this physics and show that the insulating phase
is in the same SPT phase as the Haldane phase. Under-
standing the insulating phase is ultimately simpler if one
works in the ‘molecular orbital’ basis, shown in Fig. 1c.
However, the interaction terms take a significantly more
complicated form in the molecular orbital basis [19].
It is helpful to begin by examining the strong cou-
pling (U/tc → ∞) limit for isolated molecules (t = 0).
A particle-hole transformation leaves us with n = 2 and
tc < 0. It immediately follows from Nagaoka’s theorem
[20] that the ground state is a fully polarized ferromag-
net, i.e., a triplet. For the discussion below, it is helpful
to also consider theses triplets in the molecular orbital
basis, even without making a particle-hole transforma-
tion. Firstly, we note that Although the Hubbard U is
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FIG. 2: (color online) (a) The charge gap, ∆c = [E0(4L + 2) + E0(4L − 2) − 2E0(4L)]/2, where ES(Ne) is the energy of the
spin S ground state for Ne electrons on L molecules (finite size scaled). (b) The spin gap, ∆s = E2(4L)− E0(4L) for L = 40
molecules, is orders of magnitude smaller than the charge gap, ∆c. (c) The variance in particle number in each of the molecular
orbitals and the total variance in particle number for t = 0.25tc. Even for small U the local parity symmetry means that there
are no charge fluctuations in the E− orbitals for 〈nˆiE−〉 = 1. In the insulating phase 〈nˆiA+〉 . 2 and 〈nˆiE+〉 & 〈nˆiE−〉 = 1. As
the A+ orbitals are nearly-filled, charge fluctuations in the A+ orbital are significantly smaller than the charge fluctuations in
the E+ orbital. In all panels, curves are guides to the eye.
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FIG. 3: (color online) (a) The string order parameter Os = lim|i−j|→∞〈Szi exp
(
ipi
∑j−1
l=i+1 S
z
l
)
Szj 〉 (main panel) and Oi =
lim|i−j|→∞〈1i exp
(
ipi
∑j−1
l=i+1 S
z
l
)
1j〉 (inset; both finite basis set scaled from infinite DMRG), where Sˆi = ∑α Sˆiα is the spin
of the ith molecule, Sˆiα =
∑
σσ′ cˆ
†
iαστσσ′ cˆiασ′ , τσσ′ is the vector of Pauli matrices, and 1i is the identity operator on the i
th
site. For comparison the values of Os for spin-one Heisenberg chain [30] is shown. Oi = 0 for the spin-one Heisenberg chain and
the AKLT model [31] (b) The effective total spin per triangular molecule, S, given by the solution of S(S + 1) = 〈SˆL/2 · SˆL/2〉,
for L = 40. S → 1 as U → ∞. (c) The entanglement spectrum, i.e., the eigenvalues of the reduced density matrix on tracing
out half of the system, for t = 0.25tc. Degenerate data points are offset on the abscissa for clarity. Even for small values of U
the entanglement spectrum has even-fold degeneracies; this is a robust signature that the SPT phase survives.
the same on all sites, the repulsion between two electrons
in an A+ orbital (U/3) is less than the repulsion between
two electrons in an E+ or E− orbital (U/2). For four elec-
trons in three orbitals, there must be (at least) one dou-
bly occupied orbital; clearly in the strong coupling limit
this will be the A+ orbital. In the molecular orbital basis
there is a direct exchange interaction, JE+E− = −U/6,
between electrons in the E− and E+ states [19], which
stabilises the triplet, as required by Nagaoka’s theorem
[20]. Indeed, on the isolated three site cluster this ar-
gument holds for all U > 0 and the exact solution has
a triplet ground state [21]. Indeed it has been shown
that in non-bipartite one-dimensional systems the fully
polarized Nagaoka-type state is stable in a large region of
parameter space away from the infinite U limit [22–24].
A non-zero intermolecular coupling (t 6= 0) means that
the 1-sites are no longer equivalent to the 2- or 3-sites.
However, the Hamiltonian still retains a ‘local parity’
symmetry under the relabelling of sites 2 and 3 on any
individual molecule (cf. Fig. 1). Thus the local parity
of every molecule is a constant of the motion for the full
many-body wavefunction. As E− is the only odd par-
ity orbital, this implies that the occupation number of
this orbital, nˆiE− =
∑
σ cˆ
†
iE−σ cˆiE−σ, is conserved modulo
two. However, we found above that in the strong coupling
molecular limit the ground state has exactly one electron
4in the E− orbital on every molecule. It follows that per-
turbations that do not break the local parity symmetry,
such as a finite U or a non-zero t, will not change the
number of electrons in any of the E− orbitals unless they
drive a phase transition. We find that 〈nˆiE−〉 = 1 and
〈n2iE−〉 − 〈niE−〉2 = 0 throughout the insulating phase
(Fig. 2c), confirming that there are no charge fluctua-
tions in the E− orbitals.
As the E+ and A+ orbitals have even local parity there
is no preclusion of charge fluctuations in these orbitals
for finite U . Nevertheless, the charge gap indicates that
charged excitations are confined in the insulating phase
[1]. Thus, we see that a complex interplay of kinetic and
potential effects drives the insulating phase of the two-
thirds filled triangular necklace model.
We have shown previously [19] that in the molecular
limit, t/tc → 0, the spins on neighboring molecules are
coupled by an antiferromagnetic superexchange interac-
tion, given by Js =
∑4
i=0 4t
2/[9ai(3tc + εi)] to second
order [25]. As expected from the analysis above the ef-
fective spin per molecule, S → 1 in the strong coupling
limit (U/tc → ∞), see Fig. 3b. Thus, the low-energy
physics of the two-thirds filled Hubbard model on the
triangular necklace lattice in the strong coupling molec-
ular limit is captured by the spin-one Heisenberg chain.
A corollary to this is that in the strong coupling molec-
ular limit the model is in the Haldane phase, consistent
with our numerical results.
However, as we move away from the strong coupling
molecular limit an additional complication arises. The
charge fluctuations in the A+ and E+ orbitals lead to
a suppression of the effective moment on each molecule,
cf. Fig 3b. As the physics of the Heisenberg chain is
strongly dependent on the magnitude of the spin it is
important to ask, particularly for small U , whether the
charge fluctuations are sufficient to move the system out
of the Haldane phase [14, 15].
In Fig. 3a we plot the usual string or-
der parameter for the Haldane phase, Os =
lim|i−j|→∞〈Szi exp
(
ipi
∑j−1
l=i+1 S
z
l
)
Szj 〉, and Oi =
lim|i−j|→∞〈1i exp
(
ipi
∑j−1
l=i+1 S
z
l
)
1j〉. In spin-one
models Os 6= 0 and Oi = 0 in the Haldane phase,
whereas Os = 0 and Oi 6= 0 in the trivial phase [31].
In the Hubbard model we find that both Os 6= 0 and
Oi 6= 0. Indeed, for small U, t we find that Oi > Os.
Furthermore, in spin-one models one can define [31] a
projective representation of Z2 × Z2 by∑
σ′
Rασσ′A
σ′ = eiθUα†AσUα (2)
where Rα = e−ipi
∑
i S
α
i , α ∈ {x, y, z}, and Aσ are the
MPS matrices [17]. In a spin chain the Uα form a pro-
jective representation with UxUz = eiφUzUx. In the
topological (Haldane) phase φ = pi whereas in the trivial
phase φ = 0 [31]. In the Hubbard model we find that the
Uα do not form a closed algebra. This is due to the fact
the there is a mixture of integer and half-integer repre-
sentations in the entanglement spectrum because of the
charge fluctuations. In the Haldane phase of spin-one
models the edge spins form an SU(2) algebra, i.e., they
are genuine spin-1/2 particles. This shows that the edge
states in the Hubbard model are importantly different
from those in pure spin models.
In spin-one models the Haldane phase is symmetry
protected by any one of three symmetries: dihedral
(D2 ∼= Z2×Z2), time reversal and (bond) inversion sym-
metry [14, 26]. Charge fluctuations mean that time rever-
sal and the dihedral group may not protect the Haldane
phase in fermionic systems [14]. However, the Hubbard
model on the triangular necklace lattice is symmetric un-
der inversion about the bonds connecting neighboring
molecules. Pollmann et al. [14] have argued that this
symmetry protects the Haldane phase even in fermionic
systems, meaning that there must be a (quantum) phase
transition between it and a topologically trivial phase.
Neither string order nor spin-1/2 edge states are re-
quired signatures of the Haldane phase [32]. Nevertheless
the entanglement spectrum, i.e., the eigenvalues of the
reduced density matrix after tracing out half of the sys-
tem, may only have even-fold degeneracies in the Haldane
phase [14]. Thus, the degeneracy of the entanglement
spectrum (Fig. 3c) confirms that the insulating phase
remains topologically non-trivial even for small U/tc and
large t/tc.
Finally we stress the consistency of the above picture
with experiment. Llusar et al. have shown that the
magnetic susceptibility indicates the presence of doped
triplets in the Mo3S7 units, consistent with S . 1 as
found in our Hubbard model. No spin gap is observed
down to 2 K (the lowest temperature studied) [8], which
is consistent with the very small spin gap found above
(cf. Fig. 2b). To further test our predictions one could
replace Mo3S7(dmit)3 by S = 1/2 or nonmagnetic im-
purities [28]; ESR [27], NMR [29] or µSR could then be
used to search for edge excitations, which would provide
a signature of SPT order. Furthermore, the expected fi-
nite energy magnon excitations of momentum k = pi in
the Haldane phase [30] could be observed via neutron
scattering.
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